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The History Of Mathematics Deals With The Origin Of Discoveries In
Mathematics And The Mathematical Methods And Notation Of The Past. Before
The Modern Age And The Worldwide Spread Of Knowledge, Written Examples
Of New Mathematical Developments Have Come To Light Only In A Few
Locales. From 3000 BC The Mesopotamian States Of Sumer, Akkad And Assyria
, Followed Closely By Ancient Egypt And The Levantine State Of Ebla Began
Using Arithmetic, Algebra And Geometry For Purposes Of Taxation, Commerce,
Trade And Also In The Patterns In Nature, The Field Of Astronomy And To
Record Time And Formulate Calendars.

The Earliest Mathematical Texts Available Are From
Mesopotamia And Egypt — Plimpton 322 (Babylonian C. 2000 — 1900 BC), The
Rhind  Mathematical Papyrus (Egyptian C. 1800 BC) And The Moscow
Mathematical Papyrus (Egyptian C. 1890 BC). All Of These Texts Mention The
So-Called Pythagorean Triples, So, By Inference, The Pythagorean Theorem
Seems To Be The Most Ancient And Widespread Mathematical Development
After Basic Arithmetic And Geometry.

The Study Of Mathematics As A "Demonstrative Discipline” Began In
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Pythagoreans, Who Coined The Term "Mathematics" From The Ancient Greek Ma
Onua (Mathema), Meaning "Subject Of Instruction".Greek

Mathematics Greatly Refined The Methods (Especially Through The Introduction
Of Deductive Reasoning And Mathematical Rigor In Proofs) And Expanded The
Subject Matter Of Mathematics. Although They Made Virtually No Contributions
To Theoretical Mathematics, The Ancient Romans Used Applied

Mathematics Engineering, In Surveying, Structural Engineering,
Mechanical , Bookkeeping, Creation Of Lunar And Solar Calendars, And Even
Arts And Crafts. Chinese Mathematics Made Early Contributions, Including A
Place Value System And The First Use Of Negative Numbers. The Hindu—Arabic
Numeral System And The Rules For The Use Of Its Operations, In Use
Throughout The World Today Evolved Over The Course Of The First Millennium
AD InIndia And Were Transmitted To The Western World Via Islamic
Mathematics Through The Work Of Muhammad Ibn Miisa Al-Khwarizm.
Islamic Mathematics, In Turn, Developed And Expanded The Mathematics
Known To These Civilizations. Contemporancous With But Independent Of
These Traditions Were The Mathematics Developed By The Maya Civilization Of

Mexico And Central America, Where The Concept Of Zero Was Given A
Standard Symbol In Maya Numerals.

Many Greek and Arabic texts on mathematics were translated into Latin from the
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12th century onward, leading to further development of mathematics in Medieval
Europe. From ancient times through the Middle Ages, periods of mathematical
discovery were often followed by centuries of stagnation. Beginning in
Renaissance Italy in  the 15th century, new mathematical developments,
interacting with new scientific discoveries, were made at an increasing pace that
continues through the present day. This includes the groundbreaking work of both
Isaac Newton and Gottfried Wilhelm Leibniz in the development of infinitesimal
calculus during the course of the 17th century. At the end of the 19th century the
International Congress of Mathematicians was founded and continues to
spearhead advances in the field.

Prehistoric

The origins of mathematical thought lie in the concepts of number, patterns in
nature, magnitude, and form. Modern studies of animal cognition have shown that
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these concepts are not unique to humans. Such concepts would have been part of
everyday life in hunter-gatherer socicties. The idea of the "number" concept
evolving gradually over time i1s supported by the existence of languages which

preserve the distinction between "one", "two", and "many", but not of numbers
larger than two.

The Ishango bone, found near the headwaters of the Nile river (northeastern

Congo), may be more than 20,000 years old and consists of a series of marks
carved in three columns running the length of the bone. Common interpretations
arc that the Ishango bone shows either a 7ally of the ecarliest known demonstration
of sequences of prime numbers or a six-month lunar calendar. Peter Rudman
argues that the development of the concept of prime numbers could only have
come about after the concept of division, which he dates to after 10,000 BC, with
prime numbers probably not being understood until about 500 BC. He also writes
that "no attempt has been made to explain why a tally of something should exhibit
multiples of two, prime numbers between 10 and 20, and some numbers that are
almost multiples of 10." The Ishango bone, according to scholar Alexander
Marshack, may have influenced the later development of mathematics in Egypt as,
like some entries on the Ishango bone, Egyptian arithmetic also made use of
multiplication by 2; this however, is disputed. Predynastic Egyptians of the 5th
millennium BC pictorially represented geometric designs. It has been claimed that
megalithic monuments in England and Scotland, dating from the 3rd millennium
BC, incorporate geometric 1deas such as circles, ellipses, and Pythagorean triples

in their design. All of the above are disputed however, and the currently oldest
undisputed mathematical documents are from Babylonian and dynastic Egyptian
sources.

Babylonian

Babylonian mathematics refers to any mathematics of the peoples of
Mesopotamia (modern Iraq) from the days of the early Sumerians through the
Hellenistic period almost to the dawn of Christianity. The majority of Babylonian
mathematical work comes from two widely separated periods: The first few
hundred years of the second millennium BC (Old Babylonian period), and the last
few centuries of the first millennium BC (Seleucid period). It is named
Babylonian mathematics due to the central role of Babylon as a place of study.
Later under the Arab Empire, Mesopotamia, especially Baghdad, once again
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became an important center of study for Islamic mathematics.

Geometry problem on a clay tablet belonging to a school for scribes; Susa, first
half of the 2nd millennium BCE

In contrast to the sparsity of sources in Egyptian mathematics, knowledge of
Babylonian mathematics 1s derived from more than 400 clay tablets unearthed
since the 1850s. Written in Cuneiform script, tablets were inscribed whilst the
clay was moist, and baked hard in an oven or by the heat of the sun. Some of these
appear to be graded homework.

The earliest evidence of written mathematics dates back to the ancient Sumerians,
who built the earliest civilization in Mesopotamia. They developed a complex
system of metrology from 3000 BC. From around 2500 BC onward, the
Sumerians wrote multiplication tables on clay tablets and dealt with geometrical
exercises and division problems. The ecarliest traces of the Babylonian numerals
also date back to this period.

The Babylonian mathematical tablet Plimpton 322, dated to 1800 BC.

Babylonian mathematics were written using a sexagesimal (base-60) numeral
system. From this derives the modern-day usage of 60 seconds in a minute, 60
minutes in an hour, and 360 (60 % 6) degrees in a circle, as well as the use of
seconds and minutes of arc to denote fractions of a degree. It is likely the
sexagesimal system was chosen because 60 can be evenly divided by 2, 3, 4, 5, 6,
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10, 12, 15, 20 and 30. Also, unlike the Egyptians, Greeks, and Romans, the
Babylonians had a place-value system, where digits written in the left column
represented larger values, much as in the decimal system. The power of the
Babylonian notational system lay in that it could be used to represent fractions as
casily as whole numbers; thus multiplying two numbers that contained fractions
was no different from multiplying integers, similar to modern notation. The
notational system of the Babylonians was the best of any civilization until the
Renaissance, and its power allowed it to achieve remarkable computational
accuracy; for example, the Babylonian tablet YBC 7289 gives an approximation
of V2 accurate to five decimal places. The Babylonians lacked, however, an
equivalent of the decimal point, and so the place value of a symbol often had to be
inferred from the context. By the Seleucid period, the Babylonians had developed
a zero symbol as a placeholder for empty positions; however it was only used for
intermediate positions. This zero sign does not appear in terminal positions, thus
the Babylonians came close but did not develop a true place value system.

Other topics covered by Babylonian mathematics include fractions, algebra,
quadratic and cubic equations, and the calculation of regular numbers, and their
reciprocal pairs. The tablets also include multiplication tables and methods for
solving linear, quadratic equations and cubic equations, a remarkable achievement
for the time.!””! Tablets from the Old Babylonian period also contain the earliest
known statement of the Pythagorean theorem. However, as with Egyptian
mathematics, Babylonian mathematics shows no awareness of the difference
between exact and approximate solutions, or the solvability of a problem, and
most 1mportantly, no explicit statement of the need for proofs or logical
principles.

Egyptian

Image of Problem 14 from the Moscow Mathematical Papyrus. The problem
includes a diagram indicating the dimensions of the truncated pyramid.
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Egyptian mathematics refers to mathematics written in the Egyptian language.
From the Hellenistic period, Greek replaced Egyptian as the written language of
Egyptian scholars. Mathematical study in Egypt later continued under the Arab
Empire as part of Islamic mathematics, when Arabic became the written language
of Egyptian scholars.

The most extensive Egyptian mathematical text is the Rhind papyrus (sometimes
also called the Ahmes Papyrus after its author), dated to c. 1650 BC but likely a
copy of an older document from the Middle Kingdom of about 2000-1800 BC. It
is an instruction manual for students in arithmetic and geometry. In addition to
giving area formulas and methods for multiplication, division and working with
unit fractions, it also contains evidence of other mathematical knowledge,
including composite and primenumbers; arithmetic, geometric and harmonic
means; and simplistic understandings of both the Sieve of Eratosthenes and
perfect number theory (namely, that of the number 6). It also shows how to solve
first order linear equations as well as arithmetic and geometric series.

Another significant Egyptian mathematical text 1s the Moscow papyrus, also from
the Middle Kingdom period, dated to c. 1890 BC. It consists of what are today
called word problems or story problems, which were apparently intended as
entertainment. One problem is considered to be of particular importance because
it gives a method for finding the volume of a frustum (truncated pyramid).

Finally, The Berlin Papyrus 6619 (C. 1800 BC) Shows That Ancient Egyptians
Could Solve A Second-Order Algebraic Equation.

Greek

The Pythagorean Theorem. The Pythagoreans Are Generally Credited With The
First Proof Of The Theorem.

Greek Mathematics Refers To The Mathematics Written In The Greek Language
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From The Time Of Thales Of Miletus (<600 BC) To The Closure Of The
Academy Of Athens In 529 AD. Greek Mathematicians Lived In Cities Spread
Over The Entire Eastern Mediterrancan, From Italy To North Africa, But Were
United By Culture And Language. Greek Mathematics Of The Period Following
Alexander The Great Is Sometimes Called Hellenistic Mathematics.™'

Greek Mathematics Was Much More Sophisticated Than The Mathematics That
Had Been Developed By Earlier Cultures. All Surviving Records Of Pre-Greek
Mathematics Show The Use Of Inductive Reasoning, That Is, Repeated
Observations Used To Establish Rules Of Thumb. Greck Mathematicians, By
Contrast, Used Deductive Reasoning. The Greeks Used Logic To Derive
Conclusions From Definitions And Axioms, And Used Mathematical Rigor To
Prove Them.

Greek Mathematics Is Thought To Have Begun With Thales Of Miletus (C. 624—
C.546 BC) And Pythagoras Of Samos (C. 582—C. 507 BC). Although The Extent
Of The Influence Is Disputed, They Were Probably Inspired By Egyptian And
Babylonian Mathematics. According To Legend, Pythagoras Traveled To Egypt
To Learn Mathematics, Geometry, And Astronomy From Egyptian Priests.

Thales Used Geometry To Solve Problems Such As Calculating The Height Of
Pyramids And The Distance Of Ships From The Shore. He Is Credited With The
First Use Of Deductive Reasoning Applied To Geometry, By Deriving Four
Corollaries To Thales' Theorem. As A Result, He Has Been Hailed As The First
True Mathematician And The First Known Individual To Whom A Mathematical
Discovery Has Been Attributed. Pythagoras Established The Pythagorecan School,
Whose Doctrine It Was That Mathematics Ruled The Universe And Whose Motto
Was "All Is Number". It Was The Pythagorcans Who Coined The Term
"Mathematics", And With Whom The Study Of Mathematics For Its Own Sake
Begins. The Pythagoreans Are Credited With The First Proof Of The Pythagorean
Theorem, Though The Statement Of The Theorem Has A Long History, And
With The Proof Of The Existence Of Irrational Numbers. Although He Was
Precceded By  The Babylonians And  The Chinese, The Neopythagorean
Mathematician Nicomachus (60-120 AD) Provided One Of The Earliest Greco-
Roman Multiplication Tables, Whereas The Oldest Extant Greek Multiplication
Table Is Found On A Wax Tablet Dated To The 1st Century AD (Now Found In
The British Museum). The Association Of The Neopythagoreans With The
Western Invention Of The Multiplication Table Is Evident In Its Later Medieval
Name: The Mensa Pythagorica.
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Plato (428/427 BC — 348/347 BC) Is Important In The History Of Mathematics
For Inspiring And Guiding Others. His Platonic Academy, In Athens, Became The
Mathematical Center Of The World In The 4th Century BC, And It Was From
This School That The Leading Mathematicians Of The Day, Such As Eudoxus Of
Cnidus, Came. Plato Also Discussed The Foundations Of Mathematics, Clarified
Some Of The Definitions (E.G. That Of A Line As "Breadthless Length"), And
Reorganized The Assumptions. The Analytic Method Is Ascribed To Plato, While
A Formula For Obtaining Pythagorean Triples Bears His Name.

Eudoxus (408—C. 355 BC) Developed The Method Of Exhaustion, A Precursor
Of Modem Integration And A Theory Of Ratios That Avoided The Problem Of
Incommensurable Magnitudes. The Former Allowed The Calculations Of Areas
And Volumes Of Curvilinear Figures, While The Latter Enabled Subsequent
Geometers To Make Significant Advances In Geometry. Though He Made No
Specific Technical Mathematical Discoveries, Aristotle (384—-C. 322 BC)
Contributed Significantly To The Development Of Mathematics By Laying The
Foundations Of Logic.

One Of The Oldest Surviving Fragments Of Euclid's Elements, Found At
Oxyrhynchus And Dated To Circa AD 100. The Diagram Accompanies Book II,
Proposition 5.

In The 3rd Century BC, The Premier Center Of Mathematical Education And
Research Was The Musaeum Of Alexandria.”* It Was There That Euclid (C. 300
BC) Taught, And Wrote The Elements, Widely Considered The Most Successful
And Influential Textbook Of All Time. The Elements Introduced Mathematical
Rigor Through The Axiomatic Method And Is The Earliest Example Of The
Format Still Used In Mathematics Today, That Of Definition, Axiom, Theorem,
And Proof. Although Most Of The Contents Of The Elements Were Already
Known, Euclid Arranged Them Into A Single, Coherent Logical Framework. The
Elements Was Known To All Educated People In The West Up Through The
Middle Of The 20th Century And Its Contents Are Still Taught In Geometry
Classes Today. In Addition To The Familiar Theorems Of Euclidean Geometry,
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The Elements Was Meant As An Introductory Textbook To All Mathematical
Subjects Of The Time, Such As Number Theory, Algebra And Solid Geometry,
Including Proofs That The Square Root Of Two Is Irrational And That There Are
Infinitely Many Prime Numbers. Euclid Also Wrote Extensively On Other
Subjects, Such As Conic Sections, Optics, Spherical Geometry, And Mechanics,
But Only Half Of His Writings Survive.

Q00O

Archimedes Used The Method Of Exhaustion To Approximate The Value Of Pi.
Archimedes (C. 287-212 BC) Of Syracuse, Widely Considered The Greatest
Mathematician Of Antiquity,” Used The Method Of Exhaustion To Calculate
The Arca Under The Arc Of A Parabola With The Summation Of An Infinite
Series, In A Manner Not Too Dissimilar From Modern Calculus. He Also Showed
One Could Use The Method Of Exhaustion To Calculate The Value Of IT With
As Much Precision As Desired, And Obtained The Most Accurate Value Of T1
Then Known, 310/71 < IT < 310/70. He Also Studied The Spiral Bearing His
Name, Obtained Formulas For The Volumes Of Surfaces Of Revolution
(Paraboloid, Ellipsoid, Hyperboloid), And An Ingenious Method Of
Exponentiation For Expressing Very Large Numbers. While He Is Also Known
For His Contributions To Physics And Several Advanced Mechanical Devices,
Archimedes Himself Placed Far Greater Value On The Products Of His Thought
And General Mathematical Principles. He Regarded As His Greatest Achievement
His Finding Of The Surface Area And Volume Of A Sphere, Which He Obtained
By Proving These Are 2/3 The Surface Area And Volume Of A Cylinder
Circumscribing The Sphere.
! D ¢

» &4

Parabola- cutting plane
parallel to side of cone.

Circle and Ellipse Hyperbolas

Apollonius Of Perga Made Significant Advances In The Study Of Conic Sections.

Apollonius Of Perga (C. 262—-190 BC) Made Significant Advances To The Study
Of Conic Sections, Showing That One Can Obtain All Three Varieties Of Conic
Section By Varying The Angle Of The Plane That Cuts A Double-Napped Cone.
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%I He Also Coined The Terminology In Use Today For Conic Sections, Namely
Parabola ("Place Beside" Or "Comparison"), "Ellipse" ("Deficiency"), And
"Hyperbola" ("A Throw Beyond"). His Work Conics Is One Of The Best Known
And Preserved Mathematical Works From Antiquity, And In It He Derives Many
Theorems Concerning Conic Sections That Would Prove Invaluable To Later
Mathematicians And Astronomers Studying Planetary Motion, Such As Isaac
Newton. While Neither Apollonius Nor Any Other Greeck Mathematicians Made
The Leap To Coordinate Geometry, Apollonius' Treatment Of Curves Is In Some
Ways Similar To The Modern Treatment, And Some Of His Work Seems To
Anticipate The Development Of Analytical Geometry By Descartes Some 1800
Years Later.

Around The Same Time, Eratosthenes Of Cyrene (C. 276-194 BC) Devised The
Sieve Of Eratosthenes For Finding Prime Numbers. The 3rd Century BC Is
Generally Regarded As The "Golden Age" Of Greek Mathematics, With
Advances In Pure Mathematics Henceforth In Relative Decline. Nevertheless, In
The Centuries That Followed Significant Advances Were Made In Applied
Mathematics, Most Notably Trigonometry, Largely To Address The Needs Of
Astronomers. Hipparchus Of Nicaea (C. 190-120 BC) Is Considered The Founder
Of Trigonometry For Compiling The First Known Trigonometric Table, And To
Him Is Also Due The Systematic Use Of The 360 Degree Circle. Heron Of
Alexandria (C. 10-70 AD) Is Credited With Heron's Formula For Finding The
Areca Of A Scalene Triangle And With Being The First To Recognize The
Possibility Of Negative Numbers Possessing Square Roots. Menelaus Of
Alexandria (C. 100 AD) Pioneered Spherical Trigonometry Through Menelaus'
Theorem. The Most Complete And Influential Trigonometric Work Of Antiquity
Is The Almagest Of Ptolemy (C. AD 90-168), A Landmark Astronomical Treatise
Whose Trigonometric Tables Would Be Used By Astronomers For The Next
Thousand Years. Ptolemy Is Also Credited With Ptolemy's Theorem For Deriving
Trigonometric Quantities, And The Most Accurate Value Of IT Outside Of China
Until The Medieval Period, 3.1416.
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Title Page Of The 1621 Edition Of Diophantus' Arithmetica, Translated Into Latin
By Claude Gaspard Bachet De Méziriac.

Following A Period Of Stagnation After Ptolemy, The Period Between 250 And
350 AD Is Sometimes Referred To As The "Silver Age" Of Greek Mathematics.
During This Period, Diophantus Made Significant Advances In Algebra,
Particularly Indeterminate Analysis, Which Is Also Known As "Diophantine
Analysis". The Study Of Diophantine Equations And Diophantine
Approximations Is A Significant Area Of Research To This Day. His Main Work
Was The Arithmetica, A Collection Of 150 Algebraic Problems Dealing With
Exact Solutions To Determinate And Indeterminate Equations. The Arithmetica
Had A Significant Influence On Later Mathematicians, Such As Pierre De Fermat,
Who Arrived At His Famous Last Theorem After Trying To Generalize A
Problem He Had Read In The Arithmetica (That Of Dividing A Square Into Two
Squares). Diophantus Also Made Significant Advances In Notation, The
Arithmetica Being The First Instance Of Algebraic Symbolism And Syncopation.

The Hagia Sophia Was Designed By Mathematicians Anthemius Of Tralles And
Isidore Of Miletus.

Among The Last Great Greck Mathematicians Is Pappus Of Alexandria (4th
Century AD). He Is Known For His Hexagon Theorem And Centroid Theorem,
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As Well As The Pappus Configuration And Pappus Graph. His Collection Is A
Major Source Of Knowledge On Greck Mathematics As Most Of It Has Survived.
Pappus Is Considered The Last Major Innovator In Greck Mathematics, With
Subsequent Work Consisting Mostly Of Commentarics On Earlier Work.

The First Woman Mathematician Recorded By History Was Hypatia Of
Alexandria (AD 350-415). She Succeeded Her Father (Theon Of Alexandria) As
Librarian At The Great Library And Wrote Many Works On Applied
Mathematics. Because Of A Political Dispute, The Christian Community In
Alexandria Had Her Stripped Publicly And Executed. Her Death Is Sometimes
Taken As The End Of The Era Of The Alexandrian Greek Mathematics, Although
Work Did Continue In Athens For Another Century With Figures Such As
Proclus, Simplicius And Eutocius.*!! Although Proclus And Simplicius Were
More Philosophers Than Mathematicians, Their Commentaries On Earlier Works
Are Valuable Sources On Greek Mathematics. The Closure Of The Neo-Platonic
Academy Of Athens By The Emperor Justinian In 529 AD Is Traditionally Held
As Marking The End Of The Era Of Greek Mathematics, Although The Greek
Tradition Continued Unbroken In The Byzantine Empire With Mathematicians
Such As Anthemius Of Tralles And Isidore Of Miletus, The Architects Of The
Hagia Sophia. Nevertheless, Byzantine Mathematics Consisted Mostly Of
Commentaries, With Little In The Way Of Innovation, And The Centers Of
Mathematical Innovation Were To Be Found Elsewhere By This Time.

Roman

Equipment Used By An Ancient Roman Land Surveyor (Gromatici), Found At
The Site Of Aquincum, Modern Budapest, Hungary

Although Ethnic Greek Mathematicians Continued Under The Rule Of The Late
Roman Republic And Subsequent Roman Empire, There Were No Noteworthy
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Native Latin Mathematicians In Comparison. Ancient Romans Such As Cicero
(106-43 BC), An Influential Roman Statesman Who Studied Mathematics In
Greece, Believed That Roman Surveyors And Calculators Were Far More
Interested In Applied Mathematics Than The Theoretical Mathematics And
Geometry That Were Prized By The Greeks. It Is Unclear If The Romans First
Derived Their Numerical System Directly From The Greek Precedent Or From
Etruscan Numerals Used By The Etruscan Civilization Centered In What Is Now
Tuscany, Central Italy.

Using Calculation, Romans Were Adept At Both Instigating And Detecting
Financial Fraud, As Well As Managing Taxes For The Treasury Siculus Flaccus,
One Of The Roman Gromatici (LE. Land Surveyor), Wrote The Categories Of
Fields, Which Aided Roman Surveyors In Measuring The Surface Areas Of
Allotted Lands And Territories. Aside From Managing Trade And Taxes, The
Romans Also Regularly Applied Mathematics To Solve Problems In Engineering,
Including The Erection Of Architecture Such As Bridges, Road-Building, And
Preparation For Military Campaigns Arts And Crafts Such As Roman Mosaics,
Inspired By Previous Greek Designs, Created Illusionist Geometric Patterns And
Rich, Detailed Scenes That Required Precise Measurements For Each Tessera
Tile, The Opus Tessellatum Pieces On Average Measuring Eight Millimeters
Square And The Finer Opus Vermiculatum Pieces Having An Average Surface Of
Four Millimeters Square.

The Creation Of The Roman Calendar Also Necessitated Basic Mathematics. The
First Calendar Allegedly Dates Back To 8th Century BC During The Roman
Kingdom And Included 356 Days Plus A Leap Year Every Other Year. In
Contrast, The Lunar Calendar Of The Republican Era Contained 355 Days,
Roughly Ten-And-One-Fourth Days Shorter Than The Solar Year, A Discrepancy
That Was Solved By Adding An Extra Month Into The Calendar After The 23rd
Of February. This Calendar Was Supplanted By The Julian Calendar, A Solar
Calendar Organized By Julius Caesar (10044 BC) And Devised By Sosigenes Of
Alexandria To Include A Leap Day Every Four Years In A 365-Day Cycle. This
Calendar, Which Contained An Error Of 11 Minutes And 14 Seconds, Was Later
Corrected By The Gregorian Calendar Organized By Pope Gregory XIII (R. 1572—
1585), Virtually The Same Solar Calendar Used In Modern Times As The
International Standard Calendar.

At Roughly The Same Time, The Han Chinese And The Romans Both Invented
The Wheeled Odometer Device For Measuring Distances Traveled, The Roman
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Model First Described By The Roman Civil Engineer And Architect Vitruvius (C.
80 BC — C. 15 BC). The Device Was Used At Least Until The Reign Of Emperor
Commodus (R. 177 - 192 AD), But Its Design Seems To Have Been Lost Until
Experiments Were Made During The 15th Century In Western Europe. Perhaps
Relying On Similar Gear-Work And Technology Found In The Antikythera
Mechanism, The Odometer Of Vitruvius Featured Chariot Wheels Measuring 4
Feet (1.2 M) In Diameter Turning Four-Hundred Times In One Roman Mile
(Roughly 4590 Ft/1400 M). With Each Revolution, A Pin-And-Axle Device
Engaged A 400-Tooth Cogwheel That Turned A Second Gear Responsible For
Dropping Pebbles Into A Box, Each Pebble Representing One Mile Traversed.

il

The Tsinghua Bamboo Slips, Containing The World's Earliest Decimal
Multiplication Table, Dated 305 BC During The Warring States Period

An Analysis Of Early Chinese Mathematics Has Demonstrated Its Unique
Development Compared To Other Parts Of The World, Leading Scholars To
Assume An Entirely Independent Development. The Oldest Extant Mathematical
Text From China Is The Zhoubi Suanjing, Variously Dated To Between 1200 BC
And 100 BC, Though A Date Of About 300 BC During The Warring States
Period Appears Reasonable. However, The Tsinghua Bamboo Slips, Containing
The Earliest Known Decimal Multiplication  Table (Although  Ancient
Babylonians Had Ones With A Base Of 60), Is Dated Around 305 BC And Is
Perhaps The Oldest Surviving Mathematical Text Of China.

Chinese
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Counting Rod Numerals
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Of Particular Note Is The Use In Chinese Mathematics Of A Decimal Positional
Notation System, The So-Called "Rod Numerals" In Which Distinct Ciphers
Were Used For Numbers Between 1 And 10, And Additional Ciphers For Powers
Of Ten.!"%! Thus, The Number 123 Would Be Written Using The Symbol For "1",
Followed By The Symbol For "100", Then The Symbol For "2" Followed By The
Symbol For "10", Followed By The Symbol For "3". This Was The Most
Advanced Number System In The World At The Time, Apparently In Use Several
Centuries Before The Common Era And Well Before The Development Of The
Indian Numeral System. Rod Numerals Allowed The Representation Of Numbers
As Large As Desired And Allowed Calculations To Be Carried Out On The Suan
Pan, Or Chinese Abacus. The Date Of The Invention Of The Suan Pan Is Not
Certain, But The Earliest Written Mention Dates From AD 190, In Xu Yue's
Supplementary Notes On The Art Of Figures.

The Oldest Existent Work On Geometry In China Comes From The Philosophical

Mohist Canon C. 330 BC, Compiled By The Followers Of Mozi (470-390 BC).
The Mo Jing Described Various Aspects Of Many Fields Associated With
Physical Science, And Provided A Small Number Of Geometrical Theorems As
Well. It Also Defined The Concepts Of Circumference, Diameter, Radius, And
Volume.
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The Nine Chapters On The Mathematical Art, One Of The Earliest Surviving
Mathematical Texts From China (2nd Century AD).

In 212 BC, The Emperor Qin Shi Huang Commanded All Books In The Qin
Empire Other Than Officially Sanctioned Ones Be Burned. This Decree Was Not
Universally Obeyed, But As A Consequence Of This Order Little Is Known About
Ancient Chinese Mathematics Before This Date. After The Book Burning Of 212
BC. The Han Dynasty (202 BC-220 AD) Produced Works Of Mathematics
Which Presumably Expanded On Works That Are Now Lost. The Most Important
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Of These Is The Nine Chapters On The Mathematical Art, The Full Title Of
Which Appeared By AD 179, But Existed In Part Under Other Titles Beforehand.
It Consists Of 246 Word Problems Involving Agriculture, Business, Employment
Of Geometry To Figure Height Spans And Dimension Ratios For Chinese Pagoda
Towers, Engineering, Surveying, And Includes Material On Right Triangles. It
Created Mathematical Proof For The Pythagorean Theorem, And A Mathematical
Formula For Gaussian Elimination.""”” The Treatise Also Provides Values Of I,

Which Chinese Mathematicians Originally Approximated As 3 Until Liu Xin (D.
23 AD) Provided A Figure Of 3.1457 And Subsequently Zhang Heng (78-139)
Approximated Pi As 3.1724, As Well As 3.162 By Taking The Square Root Of
10. Liu Hut Commented On The Nine Chapters In The 3rd Century AD And Gave
A Value Of IT Accurate To 5 Decimal Places (I.E. 3.14159). Though More Of A
Matter Of Computational Stamina Than Theoretical Insight, In The 5th Century
AD Zu Chongzhi Computed The Value Of IITo Seven Decimal Places (LE.
3.141592), Which Remained The Most Accurate Value Of II For Almost The
Next 1000 Years. He Also Established A Method Which Would Later Be Called

Cavalierni's Principle To Find The Volume Of A Sphere.

The High-Water Mark Of Chinese Mathematics Occurred In The 13th Century
During The Latter Half Of The Song Dynasty (960-1279), With The
Development Of Chinese Algebra. The Most Important Text From That Period Is
The Precious Mirror Of The Four Elements By Zhu Shijie (1249-1314), Dealing
With The Solution Of Simultancous Higher Order Algebraic Equations Using A
Mecthod Similar To Horner's Method. The Precious Mirror Also Contains A
Diagram Of Pascal's Triangle With Coefficients Of Binomial Expansions Through
The Eighth Power, Though Both Appear In Chinese Works As Early As 1100.
The Chinese Also Made Use Of The Complex Combinatorial Diagram Known As
The Magic Square And Magic Circles, Described In Ancient Times And Perfected
By Yang Hui (AD 1238-1298).

Even After European Mathematics Began To Flourish During The Renaissance,
European And Chinese Mathematics Were Separate Traditions, With Significant
Chinese Mathematical Output In Decline From The 13th Century Onwards. Jesuit
Missionaries Such As Matteo Ricci Carried Mathematical Ideas Back And Forth
Between The Two Cultures From The 16th To 18th Centuries, Though At This
Point Far More Mathematical Ideas Were Entering China Than Leaving.

Japanese Mathematics, Korean Mathematics, And Vietnamese Mathematics Are
Traditionally Viewed As Stemming From Chinese Mathematics And Belonging
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To The Confucian-Based East Asian Cultural Sphere. Korean And Japanese
Mathematics Were Heavily Influenced By The Algebraic Works Produced During
China's Song Dynasty, Whereas Vietnamese Mathematics Was Heavily Indebted
To Popular Works Of China's Ming Dynasty (1368—1644). For Instance, Although
Vietnamese Mathematical Treatises Were Written In Either Chinese Or The
Native Vietnamese Chit Nom Script, All Of Them Followed The Chinese Format
Of Presenting A Collection Of Problems With Algorithms For Solving Them,
Followed By Numerical Answers.!''®! Mathematics In Vietnam And Korea Were
Mostly Associated With The Professional Court Bureaucracy Of Mathematicians
And Astronomers, Whereas In Japan It Was More Prevalent In The Realm Of
Private Schools.

Indian
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The Numerals Used In The Bakhshali Manuscript, Dated Between The 2nd
Century BCE And The 2nd Century CE.
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Ancient Brahmi Numerals In A Part Of India

The Earliest Civilization On The Indian Subcontinent Is The Indus Valley
Civilization (Mature Phase: 2600 To 1900 BC) That Flourished In The Indus
River Basin. Their Cities Were Laid Out With Geometric Regularity, But No
Known Mathematical Documents Survive From This Civilization

The Oldest Extant Mathematical Records From India Are The Sulba Sutras
(Dated Variously Between The 8th Century BC And The 2nd Century AD),
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Appendices To Religious Texts Which Give Simple Rules For Constructing
Altars Of Various Shapes, Such As Squares, Rectangles, Parallelograms, And
Others. As With Egypt, The Preoccupation With Temple Functions Points To An
Origin Of Mathematics In Religious Ritual The Sulba Sutras Give Methods For
Constructing A Circle With Approximately The Same Arca As A Given Square,
Which Imply Several Different Approximations Of The Value Of I1. In Addition,
They Compute The Square Root Of 2 To Several Decimal Places, List
Pythagorean Triples, And Give A Statement Of The Pythagorean Theorem. All Of
These Results Are Present In Babylonian Mathematics, Indicating Mesopotamian
Influence. It Is Not Known To What Extent The Sulba Sutras Influenced Later
Indian Mathematicians. As In China, There Is A Lack Of Continuity In Indian
Mathematics; Significant Advances Are Separated By Long Periods Of Inactivity.

Panini (C. 5th Century BC) Formulated The Rules For Sanskrit Grammar. His
Notation Was Similar To Modern Mathematical Notation, And Used Metarules.
Transformations, And Recursion. Pingala (Roughly 3rd—1st Centuries BC) In His
Treatise Of Prosody Uses A Device Corresponding To A Binary Numeral System.
His Discussion Of The Combinatorics Of Meters Corresponds To An Elementary
Version Of The Binomial Theorem. Pingala's Work Also Contains The Basic
Ideas Of Fibonacci Numbers (Called Matrameru).

The Next Significant Mathematical Documents From India After The Sulba
Sutras Are The Siddhantas, Astronomical Treatises From The 4th And 5th
Centuries AD (Gupta Period) Showing Strong Hellenistic Influence.!*" They Are
Significant In That They Contain The First Instance Of Trigonometric Relations
Based On The Half-Chord, As Is The Case In Modern Trigonometry, Rather Than
The Full Chord, As Was The Case In Ptolemaic Trigonometry.!"*” Through A
Series Of Translation Errors, The Words "Sine" And "Cosine" Derive From The
Sanskrit "Jiya" And "Kojiya".
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Explanation Of The Sine Rule In Yuktibhasa

Around 500 AD, Aryabhata Wrote The Aryabhatiya, A Slim Volume, Written In
Verse, Intended To Supplement The Rules Of Calculation Used In Astronomy
And Mathematical Mensuration, Though With No Feeling For Logic Or
Deductive Methodology. Though About Half Of The Entries Are Wrong, It Is In
The Aryabhatiya That The Decimal Place-Value System First Appears. Several
Centuries Later, The Muslim Mathematician Abu Rayhan Biruni Described The
Aryabhatiya As A "Mix Of Common Pebbles And Costly Crystals".

In The 7th Century, Brahmagupta Identified The Brahmagupta Theorem,
Brahmagupta's Identity And Brahmagupta's Formula, And For The First Time, In
Brahma-Sphuta-Siddhanta, He Lucidly Explained The Use Of Zero As Both A
Placcholder And Decimal Digit, And Explained The Hindu—Arabic Numeral
System.!"** It Was From A Translation Of This Indian Text On Mathematics (C.
770) That Islamic Mathematicians Were Introduced To This Numeral System,
Which They Adapted As Arabic Numerals. Islamic Scholars Carried Knowledge
Of This Number System To Europe By The 12th Century, And It Has Now
Displaced All Older Number Systems Throughout The World. Various Symbol
Sets Are Used To Represent Numbers In The Hindu—Arabic Numeral System, All
Of Which Evolved From The Brahmi Numerals. Each Of The Roughly Dozen
Major Scripts Of India Has Its Own Numeral Glyphs. In The 10th Century,
Halayudha's Commentary On Pingala's Work Contains A Study Of The Fibonacci
Sequence And Pascal's Triangle, And Describes The Formation Of A Matrix.

In The 12th Century, Bhaskara II Lived In Southern India And Wrote Extensively
On All Then Known Branches Of Mathematics. His Work Contains Mathematical

Objects Equivalent Or Approximately Equivalent To Infinitesimals, Derivatives,
The Mean Value Theorem And The Derivative Of The Sine Function. To What
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Extent He Anticipated The Invention Of Calculus Is A Controversial Subject
Among Historians Of Mathematics

In The 14th Century, Madhava Of Sangamagrama, The Founder Of The Kerala
School Of Mathematics, Found The Madhava—Leibniz Series And Obtained From
It A Transformed Series, Whose First 21 Terms He Used To Compute The Value
Of IT As 3.14159265359. Madhava Also Found The Madhava-Gregory Series To
Determine The Arctangent, The Madhava-Newton Power Series To Determine
Sine And Cosine And The Taylor Approximation For Sine And Cosine Functions.
In The 16th Century, Jyesthadeva Consolidated Many Of The Kerala School's
Developments And Theorems In The Yukti-Bhasa. It Has Been Argued That The
Advances Of The Kerala School, Which Laid The Foundations Of The Calculus,
Were Transmitted To Europe In The 16th Century. Via Jesuit Missionaries And
Traders Who Were Active Around The Ancient Port Of Muziris At The Time
And, As A Result, Directly Influenced Later European Developments In Analysis
And Calculus. However, Other Scholars Argue That The Kerala School Did Not
Formulate A Systematic Theory Of Differentiation And Integration, And That
There Is Not Any Direct Evidence Of Their Results Being Transmitted Outside
Kerala.

Islamic Empires

Page From The Compendious Book On Calculation By Completion And
Balancing By Muhammad Ibn Miisa Al-Khwarizm1 (C. AD 820)

The Islamic Empire Established Across Persia, The Middle East, Central Asia,
North Africa, Iberia, And In Parts Of India In The 8th Century Made Significant
Contributions Towards Mathematics. Although Most Islamic Texts On
Mathematics Were Written In Arabic, Most Of Them Were Not Written By Arabs
, Since Much Like The Status Of Greek In The Hellenistic World, Arabic Was
Used As The Written Language Of Non-Arab Scholars Throughout The Islamic
World At The Time. Persians Contributed To The World Of Mathematics
Alongside Arabs.

In The 9th Century, The Persian Mathematician Muhammad Ibn Mauasa Al-
Khwarizmt Wrote An Important Book On The Hindu—Arabic Numerals And One
On Methods For Solving Equations. His Book On The Calculation With Hindu
Numerals, Written About 825, Along With The Work Of Al-Kindi, Were
Instrumental In Spreading Indian Mathematics And Indian Numerals To The
West. The Word Algorithm Is Derived From The Latinization Of His Name,
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Algoritmi, And The Word Algebra From The Title Of One Of His Works, A/-
Kitab Al-Mukhtasar Fi Hisab Al-Gabr Wa’l-Muqabala (The Compendious Book
On Calculation By Completion And Balancing). He Gave An Exhaustive
Explanation For The Algebraic Solution Of Quadratic Equations With Positive
Roots,!"*”) And He Was The First To Teach Algebra In An Elementary Form And
For Its Own Sake. He Also Discussed The Fundamental Method Of "Reduction"
And "Balancing", Referring To The Transposition Of Subtracted Terms To The
Other Side Of An Equation, That Is, The Cancellation Of Like Terms On
Opposite Sides Of The Equation. This Is The Operation Which Al-Khwarizmi
Originally Described As A/-Jabr. His Algebra Was Also No Longer Concerned
"With A Series Of Problems To Be Resolved, But An Exposition Which Starts
With Primitive Terms In Which The Combinations Must Give All Possible
Prototypes For Equations, Which Henceforward Explicitly Constitute The True
Object Of Study." He Also Studied An Equation For Its Own Sake And "In A
Generic Manner, Insofar As It Does Not Simply Emerge In The Course Of
Solving A Problem, But Is Specifically Called On To Define An Infinite Class Of
Problems."

In Egypt, Abu Kamil Extended Algebra To The Set Of Irrational Numbers,
Accepting Square Roots And Fourth Roots As Solutions And Coefficients To
Quadratic Equations. He Also Developed Techniques Used To Solve Three Non-
Linear Simultancous Equations With Three Unknown Variables. One Unique
Feature Of His Works Was Trying To Find All The Possible Solutions To Some
Of His Problems, Including One Where He Found 2676 Solutions.!"*"! His Works
Formed An Important Foundation For The Development Of Algebra And
Influenced Later Mathematicians, Such As Al-Karaji And Fibonacci.

Further Developments In Algebra Were Made By Al-Karaji In His Treatise A/-
Fakhri, Where He Extends The Methodology To Incorporate Integer Powers And
Integer Roots Of Unknown Quantities. Something Close To A Proof By
Mathematical Induction Appears In A Book Written By Al-Karaji Around 1000
AD, Who Used It To Prove The Binomial Theorem, Pascal's Triangle, And The
Sum Of Integral Cubes.!'" The Historian Of Mathematics, F. Woepcke,!'™
Praised Al-Karaji For Being "The First Who Introduced The Theory Of Algebraic
Calculus." Also In The 10th Century, Abul Wafa Translated The Works Of
Diophantus Into Arabic. Ibn Al-Haytham Was The First Mathematician To Derive
The Formula For The Sum Of The Fourth Powers, Using A Method That Is
Readily Generalizable For Determining The General Formula For The Sum Of
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Any Integral Powers. He Performed An Integration In Order To Find The Volume
Of A Paraboloid, And Was Able To Generalize His Result For The Integrals Of
Polynomials Up To The Fourth Degree. He Thus Came Close To Finding A
General Formula For The Integrals Of Polynomials, But He Was Not Concerned
With Any Polynomials Higher Than The Fourth Degree.

In The Late 11th Century, Omar Khayyam Wrote Discussions Of The Difficulties
In Euclid, A Book About What He Perceived As Flaws In Euclid's Flements,
Especially The Parallel Postulate. He Was Also The First To Find The General
Geometric Solution To Cubic Equations. He Was Also Very Influential In
Calendar Reform.

In The 13th Century, Nasir Al-Din Tusi (Nasireddin) Made Advances In Spherical
Trigonometry. He Also Wrote Influential Work On Euclid's Parallel Postulate. In
The 15th Century, Ghiyath Al-Kashi Computed The Value Of Il To The 16th
Decimal Place. Kashi Also Had An Algorithm For Calculating Nth Roots, Which
Was A Special Case Of The Methods Given Many Centuries Later By Ruffini
And Homner.

Other Achievements Of Muslim Mathematicians During This Period Include The
Addition Of The Decimal Point Notation To The Arabic Numerals, The
Discovery Of All The Modern Trigonometric Functions Besides The Sine, Al-
Kindi's Introduction Of Cryptanalysis And Frequency Analysis, The Development
Of Analytic Geometry By Ibn Al-Haytham, The Beginning Of Algebraic
Geometry By

During The Time Of The Ottoman Empire And Safavid Empire From The 15th
Century, The Development Of Islamic Mathematics Became Stagnant.

Maya
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The Maya Numerals For Numbers 1 Through 19, Written In The Maya Script

In The Pre-Columbian Americas, The Maya Civilization That Flourished In
Mexico And Central America During The Ist Millennium AD Developed A
Unique Tradition Of Mathematics That, Due To Its Geographic Isolation, Was
Entirely Independent Of Existing European, Egyptian, And Asian Mathematics.
Maya Numerals Utilized A Base Of Twenty, The Vigesimal System, Instecad Of A
Base Of Ten That Forms The Basis Of The Decimal System Used By Most
Modern Cultures.

The Maya Used Mathematics To Create The Maya Calendar As Well As To
Predict Astronomical Phenomena In Their Native Maya Astronomy. While The
Concept Of Zero Had To Be Inferred In The Mathematics Of Many Contemporary
Cultures, The Maya Developed A Standard Symbol For It.

Medieval European

Further  Information: Category:Medieval Furopean Mathematics, List  Of
Medieval European Scientists, And Furopean Science In The Middle Ages

See Also: Latin Translations Of The 12th Century

Medieval European Interest In Mathematics Was Driven By Concerns Quite
Different From Those Of Modern Mathematicians. One Driving Element Was
The Belief That Mathematics Provided The Key To Understanding The Created
Order Of Nature, Frequently Justified By Plato's 7imaeus And The Biblical
Passage (In The Book Of Wisdom) That God Had Ordered All Things In Measure,
And Number, And Weight.

Boethius Provided A Place For Mathematics In The Curriculum In The 6th
Century When He Coined The Term Quadrivium To Describe The Study Of
Arithmetic, Geometry, Astronomy, And Music. He Wrote De Institutione
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Arithmetica, A Free Translation From The Greek Of Nicomachus's Infroduction
To Arithmetic;, De Institutione Musica, Also Derived From Greek Sources; And A
Series Of Excerpts From Euclid's Elements. His Works Were Theoretical, Rather
Than Practical, And Were The Basis Of Mathematical Study Until The Recovery
Of Greek And Arabic Mathematical Works.

In The 12th Century, European Scholars Traveled To Spain And Sicily Seeking
Scientific Arabic Texts, Including Al-Khwarizmi's The Compendious Book On
Calculation By Completion And Balancing, Translated Into Latin By Robert Of
Chester, And The Complete Text Of Euclid's Elements, Translated In Various
Versions By Adelard Of Bath, Herman Of Carinthia, And Gerard Of Cremona.
These And Other New Sources Sparked A Renewal Of Mathematics.

Leonardo Of Pisa, Now Known As Fibonacci, Serendipitously Learned About The

Hindu—Arabic Numerals On A Trip To What Is Now B¢jaia, Algeria With His
Merchant Father. (Europe Was Still Using Roman Numerals.) There, He
Observed A System Of Arithmetic (Specifically Algorism) Which Due To The
Positional Notation Of Hindu—Arabic Numerals Was Much More Efficient And
Greatly Facilitated Commerce. Leonardo Wrote Liber Abaci In 1202 (Updated In
1254) Introducing The Technique To Europe And Beginning A Long Period Of
Popularizing It. The Book Also Brought To Europe What Is Now Known As The
Fibonacci Sequence (Known To Indian Mathematicians For Hundreds Of Years
Before That) Which Was Used As An Unremarkable Example Within The Text.

The 14th Century Saw The Development Of New Mathematical Concepts To
Investigate A Wide Range Of Problems. One Important Contribution Was
Development Of Mathematics Of Local Motion.

Thomas Bradwardine Proposed That Speed (V) Increases In Arithmetic
Proportion As The Ratio Of Force (F) To Resistance (R) Increases In Geometric
Proportion. Bradwardine Expressed This By A Series Of Specific Examples, But
Although The Logarithm Had Not Yet Been Conceived, We Can Express His
Conclusion Anachronistically By Writing: V = Log (F/R). Bradwardine's Analysis
Is An Example Of Transferring A Mathematical Technique Used By Al-Kindi
And Amald Of Villanova To Quantify The Nature Of Compound Medicines To A
Different Physical Problem.
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Nicole Oresme (1323-1382), Shown In This Contemporary [lluminated
Manuscript With An Armillary Sphere In The Foreground, Was The First To
Offer A Mathematical Proof For The Divergence Of The Harmonic Series.

One Of The 14th-Century Oxford Calculators, William Heytesbury, Lacking
Differential Calculus And The Concept Of Limits, Proposed To Measure
Instantaneous Speed "By The Path That Would Be Described By [A Body] If... It
Were Moved Uniformly At The Same Degree Of Speed With Which It Is Moved
In That Given Instant".

Heytesbury And Others Mathematically Determined The Distance Covered By A
Body Undergoing Uniformly Accelerated Motion (Today Solved By Integration),
Stating That "A Moving Body Uniformly Acquiring Or Losing That Increment
|Of Speed] Will Traverse In Some Given Time A [Distance] Completely Equal
To That Which It Would Traverse If It Were Moving Continuously Through The
Same Time With The Mean Degree [Of Speed]".

Nicole Oresme At The University Of Paris And The Italian Giovanni D1 Casali
Independently Provided Graphical Demonstrations Of This Relationship,
Asserting That The Area Under The Line Depicting The Constant Acceleration,
Represented The Total Distance Traveled. In A Later Mathematical Commentary
On Euclid's Elements, Oresme Made A More Detailed General Analysis In Which
He Demonstrated That A Body Will Acquire In Each Successive Increment Of
Time An Increment Of Any Quality That Increases As The Odd Numbers. Since
Euclid Had Demonstrated The Sum Of The Odd Numbers Are The Square
Numbers, The Total Quality Acquired By The Body Increases As The Square Of
The Time.

Renaissance

During The Renaissance, The Development Of Mathematics And Of Accounting
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Were Intertwined. While There Is No Direct Relationship Between Algebra And
Accounting, The Teaching Of The Subjects And The Books Published Often
Intended For The Children Of Merchants Who Were Sent To Reckoning Schools
(In Flanders And Germany) Or Abacus Schools (Known As Abbaco In ltaly),
Where They Learned The Skills Useful For Trade And Commerce. There Is
Probably No Need For Algebra In Performing Bookkeeping Operations, But For
Complex Bartering Operations Or The Calculation Of Compound Interest, A
Basic Knowledge Of Arithmetic Was Mandatory And Knowledge Of Algebra
Was Very Useful.

Piero Della Francesca (C. 1415-1492) Wrote Books On Solid Geometry And
Linear Perspective, Including De Prospectiva Pingendi (On Perspective For
Painting), Trattato d’Abaco (Abacus Treatise), And De Quinque Corporibus
Regularibus (On The Five Regular Solids).

Portrait Of Luca Pacioli, A Painting Traditionally Attributed To Jacopo De'
Barbari, 1495, (Museo Di Capodimonte).

Luca Pacioli's Summa De Arithmetica, Geometria, Proportioni Et Proportionalita
(Italian: "Review Of Arithmetic, Geometry, Ratio And Proportion") Was First
Printed And Published In Venice In 1494. It Included A 27-Page Treatise On

Bookkeeping, "Particularis De Computis Et Scripturis” (Italian: "Details Of
Calculation And Recording"). It Was Written Primarily For, And Sold Mainly To,
Merchants Who Used The Book As A Reference Text, As A Source Of Pleasure
From The Mathematical Puzzles It Contained, And To Aid The Education Of
Their Sons. In Summa Arithmetica, Pacioli Introduced Symbols For Plus And
Minus For The First Time In A Printed Book, Symbols That Became Standard
Notation In Italian Renaissance Mathematics. Summa Arithmetica Was Also The
First Known Book Printed In Italy To Contain Algebra. Pacioli Obtained Many Of
His Ideas From Piero Della Francesca Whom He Plagiarized.

In Italy, During The First Half Of The 16th Century, Scipione Del Ferro And
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Niccolo Fontana Tartaglia Discovered Solutions For Cubic Equations. Gerolamo
Cardano Published Them In His 1545 Book Ars Magna, Together With A
Solution For The Quartic Equations, Discovered By His Student Lodovico Ferrari.
In 1572 Rafael Bombelli Published His L'Algebra In Which He Showed How To
Deal With The Imaginary Quantities That Could Appear In Cardano's Formula
For Solving Cubic Equations.

Simon Stevin's Book De Thiende ('The Art Of Tenths'), First Published In Dutch
In 1585, Contained The First Systematic Treatment Of Decimal Notation, Which
Influenced All Later Work On The Real Number System.

Driven By The Demands Of Navigation And The Growing Need For Accurate
Maps Of Large Areas, Trigonometry Grew To Be A Major Branch Of
Mathematics. Bartholomaeus Pitiscus Was The First To Use The Word,
Publishing His 7rigonometria In 1595. Regiomontanus's Table Of Sines And
Cosines Was Published In 1533.

During The Renaissance The Desire Of Artists To Represent The Natural World
Realistically, Together With The Rediscovered Philosophy Of The Greeks, Led
Artists To Study Mathematics. They Were Also The Engineers And Architects Of
That Time, And So Had Need Of Mathematics In Any Case. The Art Of Painting
In Perspective, And The Developments In Geometry That Involved, Were Studied
Intensely.

Mathematics During The Scientific Revolution
17th Century
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Gottfried Wilhelm Leibniz.

The 17th Century Saw An Unprecedented Increase Of Mathematical And
Scientific Ideas Across Europe. Galileo Observed The Moons Of Jupiter In Orbit
About That Planet, Using A Telescope Based On A Toy Imported From Holland.
Tycho Brahe Had Gathered An Enormous Quantity Of Mathematical Data
Describing The Positions Of The Planets In The Sky. By His Position As Brahe's
Assistant, Johannes Kepler Was First Exposed To And Seriously Interacted With
The Topic Of Planetary Motion. Kepler's Calculations Were Made Simpler By
The Contemporancous Invention Of Logarithms By John Napier And Jost Biirgi.
Kepler Succeeded In Formulating Mathematical Laws Of Planetary Motion. The
Analytic Geometry Developed By René¢ Descartes (1596-1650) Allowed Those
Orbits To Be Plotted On A Graph, In Cartesian Coordinates.

Building On Earlier Work By Many Predecessors, Isaac Newton Discovered The
Laws Of Physics Explaining Kepler's Laws, And Brought Together The Concepts
Now Known As Calculus. Independently, Gottfried Wilhelm Leibniz, Developed
Calculus And Much Of The Calculus Notation Still In Use Today. Science And
Mathematics Had Become An International Endeavor, Which Would Soon Spread
Over The Entire World.

In Addition To The Application Of Mathematics To The Studies Of The Heavens,
Applied Mathematics Began To Expand Into New Arcas, With The
Correspondence Of Pierre De Fermat And Blaise Pascal. Pascal And Fermat Set
The Groundwork For The Investigations Of Probability Theory And The
Corresponding Rules Of Combinatorics In Their Discussions Over A Game Of
Gambling. Pascal, With His Wager, Attempted To Use The Newly Developing
Probability Theory To Argue For A Life Devoted To Religion, On The Grounds
That Even If The Probability Of Success Was Small, The Rewards Were Infinite.
In Some Sense, This Foreshadowed The Development Of Utility Theory In The
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18th—19th Century.

18th Century

Leonhard Euler By Emanuel Handmann.

The Most Influential Mathematician Of The 18th Century Was Arguably
Leonhard Euler (1707-1783). His Contributions Range From Founding The Study
Of Graph Theory With The Seven Bridges Of Konigsberg Problem To

Standardizing Many Modern Mathematical Terms And Notations. For Example,
He Named The Square Root Of Minus 1 With The Symbol 7, And He Popularized

The Use Of The Greek Letter To Stand For The Ratio Of A Circle's

Circumference To Its Diameter. He Made Numerous Contributions To The Study
Of Topology, Graph Theory, Calculus, Combinatorics, And Complex Analysis,
As Evidenced By The Multitude Of Theorems And Notations Named For Him.

Other Important European Mathematicians Of The 18th Century Included Joseph
Louis Lagrange, Who Did Pioneering Work In Number Theory, Algebra,
Differential Calculus, And The Calculus Of Variations, And Laplace Who, In The
Age Of Napoleon, Did Important Work On The Foundations Of Celestial
Mechanics And On Statistics.

19th Century
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S\
Carl Friedrich Gauss.

Throughout The 19th Century Mathematics Became Increasingly Abstract. Carl
Friedrich Gauss (1777-1855) Epitomizes This Trend. He Did Revolutionary
Work On Functions Of Complex Variables, In Geometry, And On The
Convergence Of Series, Leaving Aside His Many Contributions To Science. He
Also Gave The First Satisfactory Proofs Of The Fundamental Theorem Of
Algebra And Of The Quadratic Reciprocity Law.
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Hyperbolic Euclidean Elliptic

Behavior Of Lines With A Common Perpendicular In Each Of The Three Types
Of Geometry

This Century Saw The Development Of The Two Forms Of Non-Euclidean
Geometry, Where The Parallel Postulate Of Euclidean Geometry No Longer
Holds. The Russian Mathematician Nikolai Ivanovich Lobachevsky And His
Rival, The Hungarian Mathematician Janos Bolyai, Independently Defined And
Studied Hyperbolic Geometry, Where Uniqueness Of Parallels No Longer Holds.
In This Geometry The Sum Of Angles In A Triangle Add Up To Less Than 180°.

Elliptic Geometry Was Developed Later In The 19th Century By The German
Mathematician Bernhard Riemann; Here No Parallel Can Be Found And The
Angles In A Triangle Add Up To More Than 180°. Riemann Also Developed

Riemannian Geometry, Which Unifies And Vastly Generalizes The Three Types
Of Geometry, And He Defined The Concept Of A Manifold, Which Generalizes
The Ideas Of Curves And Surfaces.

The 19th Century Saw The Beginning Of A Great Deal Of Abstract Algebra.
Hermann Grassmann In Germany Gave A First Version Of Vector Spaces,

— T
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William Rowan Hamilton In Ireland Developed Noncommutative Algebra. The
British Mathematician George Boole Devised An Algebra That Soon Evolved
Into What Is Now Called Boolean Algebra, In Which The Only Numbers Were 0
And 1. Boolean Algebra Is The Starting Point Of Mathematical Logic And Has
Important Applications In Electrical Engineering And Computer Science.
Augustin-Louis Cauchy, Bernhard Riemann, And Karl Weierstrass Reformulated
The Calculus In A More Rigorous Fashion.

Also, For The First Time, The Limits Of Mathematics Were Explored. Niels
Henrik Abel, A Norwegian, And Evariste Galois, A Frenchman, Proved That
There Is No General Algebraic Method For Solving Polynomial Equations Of
Degree Greater Than Four (Abel-Ruffini Theorem). Other 19th-Century
Mathematicians Utilized This In Their Proofs That Straightedge And Compass
Alone Are Not Sufficient To Trisect An Arbitrary Angle, To Construct The Side
Of A Cube Twice The Volume Of A Given Cube, Nor To Construct A Square
Equal In Area To A Given Circle. Mathematicians Had Vainly Attempted To
Solve All Of These Problems Since The Time Of The Ancient Greeks. On The
Other Hand, The Limitation Of Three Dimensions In Geometry Was Surpassed In
The 19th Century Through Considerations Of Parameter Space And
Hypercomplex Numbers.

Abel And Galois's Investigations Into The Solutions Of Various Polynomial
Equations Laid The Groundwork For Further Developments Of Group Theory,
And The Associated Fields Of Abstract Algebra. In The 20th Century Physicists
And Other Scientists Have Seen Group Theory As The Ideal Way To Study

Symmetry.

In The Later 19th Century, Georg Cantor Established The First Foundations Of
Set Theory, Which Enabled The Rigorous Treatment Of The Notion Of Infinity
And Has Become The Common Language Of Nearly All Mathematics. Cantor's
Set Theory, And The Rise Of Mathematical Logic In The Hands Of Peano, L.E.J.
Brouwer, David Hilbert, Bertrand Russell, And A.N. Whitehead, Initiated A Long
Running Debate On The Foundations Of Mathematics.

The 19th Century Saw The Founding Of A Number Of National Mathematical
Societies: The London Mathematical Society In 18635, The Société Mathématique
De France In 1872, The Circolo Matematico Di Palermo In 1884, The Edinburgh
Mathematical Society In 1883, And The American Mathematical Society In 1888.
The First International, Special-Interest Society, The Quaternion Society, Was
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Formed In 1899, In The Context Of A Vector Controversy.

In 1897, Hensel Introduced P-Adic Numbers.

20th Century

The 20th Century Saw Mathematics Become A Major Profession. Every Year,
Thousands Of New Ph.D.S In Mathematics Were Awarded, And Jobs Were
Available In Both Teaching And Industry. An Effort To Catalogue The Areas And
Applications Of Mathematics Was Undertaken In Klein's Encyclopedia.

In A 1900 Speech To The International Congress Of Mathematicians, David
Hilbert Set Out A List Of 23 Unsolved Problems In Mathematics. These
Problems, Spanning Many Areas Of Mathematics, Formed A Central Focus For
Much Of 20th-Century Mathematics. Today, 10 Have Been Solved, 7 Are
Partially Solved, And 2 Are Still Open. The Remaining 4 Are Too Loosely
Formulated To Be Stated As Solved Or Not.

A Map Illustrating The Four Color Theorem

Notable Historical Conjectures Were Finally Proven. In 1976, Wolfgang Haken
And Kenneth Appel Proved The Four Color Theorem, Controversial At The Time
For The Use Of A Computer To Do So. Andrew Wiles, Building On The Work
Of Others, Proved Fermat's Last Theorem In 1995. Paul Cohen And Kurt Goédel
Proved That The Continuum Hypothesis Is Independent Of (Could Neither Be
Proved Nor Disproved From) The Standard Axioms Of Set Theory. In 1998
Thomas Callister Hales Proved The Kepler Conjecture.

Mathematical Collaborations Of Unprecedented Size And Scope Took Place. An
Example Is The Classification Of Finite Simple Groups (Also Called The
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"Enormous Theorem"), Whose Proof Between 1955 And 2004 Required 500-Odd
Journal Articles By About 100 Authors, And Filling Tens Of Thousands Of
Pages. A Group Of French Mathematicians, Including Jean Dicudonné And André
Weil, Publishing Under The Pseudonym "Nicolas Bourbaki", Attempted To
Exposit All Of Known Mathematics As A Coherent Rigorous Whole. The
Resulting Several Dozen Volumes Has Had A Controversial Influence On
Mathematical Education.

Newtonian (Red) Vs. Einsteinian Orbit (Blue) Of A Lone Planet Orbiting A Star,
With Relativistic Precession Of Apsides

Differential Geometry Came Into Its Own When Albert Einstein Used It In
General Relativity. Entirely New Areas Of Mathematics Such As Mathematical
Logic, Topology, And John Von Neumann's Game Theory Changed The Kinds Of
Questions That Could Be Answered By Mathematical Methods. All Kinds Of
Structures Were Abstracted Using Axioms And Given Names Like Metric Spaces
, Topological Spaces Etc. As Mathematicians Do, The Concept Of An Abstract
Structure Was Itself Abstracted And Led To Category Theory. Grothendieck And
Serre Recast Algebraic Geometry Using Sheaf Theory. Large Advances Were
Made In The Qualitative Study Of Dynamical Systems That Poincaré Had Begun
In The 1890s. Measure Theory Was Developed In The Late 19th And Early 20th
Centuries. Applications Of Measures Include The Lebesgue Integral, Kolmogorov
's Axiomatisation Of Probability Theory, And Ergodic Theory. Knot Theory
Greatly Expanded. Quantum Mechanics Led To The Development Of Functional
Analysis. Other New Areas Include Laurent Schwartz's Distribution Theory,
Fixed Point Theory, Singularity Theory And René Thom's Catastrophe Theory,
Model Theory, And Mandelbrot's Fractals. Lie Theory With Its Liec Groups And
Lic Algebras Became One Of The Major Areas Of Study.

Non-Standard Analysis, Introduced By Abraham Robinson, Rehabilitated The
Infinitesimal Approach To Calculus, Which Had Fallen Into Disrepute In Favour
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Of The Theory Of Limits, By Extending The Field Of Real Numbers To The
Hyperreal Numbers Which Include Infinitesimal And Infinite Quantities. An Even
Larger Number System, The Surreal Numbers Were Discovered By John Horton
Conway In Connection With Combinatorial Games.

The Development And Continual Improvement Of Computers, At First
Mechanical Analog Machines And Then Digital Electronic Machines, Allowed
Industry To Deal With Larger And Larger Amounts Of Data To Facilitate Mass
Production And Distribution And Communication, And New Areas Of
Mathematics Were Developed To Deal With This: Alan Turing's Computability
Theory; Complexity Theory; Derrick Henry Lehmer's Use Of ENIAC To Further
Number Theory And The Lucas-Lehmer Test; Rozsa Péter's Recursive Function
Theory; Claude Shannon's Information Theory; Signal Processing; Data Analysis;
Optimization And Other Arcas Of Operations Research. In The Preceding
Centuries Much Mathematical Focus Was On Calculus And Continuous
Functions, But The Rise Of Computing And Communication Networks Led To
An Increasing Importance Of Discrete Concepts And The Expansion Of
Combinatorics Including Graph Theory. The Speed And Data Processing Abilities
Of Computers Also Enabled The Handling Of Mathematical Problems That Were
Too Time-Consuming To Deal With By Pencil And Paper Calculations, Leading
To Arcas Such As Numerical Analysis And Symbolic Computation. Some Of The
Most Important Methods And Algorithms Of The 20th Century Are: The Simplex
Algorithm, The Fast Fourier Transform, Error-Correcting Codes, The Kalman
Filter From Control Theory And The RSA Algorithm Of Public-Key

Cryptography.

At The Same Time, Deep Insights Were Made About The Limitations To
Mathematics. In 1929 And 1930, It Was Proved The Truth Or Falsity Of All
Statements Formulated About The Natural Numbers Plus Either Addition Or
Multiplication (But Not Both), Was Decidable, [.LE. Could Be Determined By
Some Algorithm. In 1931, Kurt Gédel Found That This Was Not The Case For
The Natural Numbers Plus Both Addition And Multiplication; This System,
Known As Peano Arithmetic, Was In Fact Incompletable. (Peano Arithmetic Is
Adequate For A Good Deal Of Number Theory, Including The Notion Of Prime
Number.) A Consequence Of Godel's Two Incompleteness Theorems Is That In
Any Mathematical System That Includes Peano Arithmetic (Including All Of
Analysis And Geometry), Truth Necessarily Outruns Proof, I.LE. There Are True
Statements That Cannot Be Proved Within The System. Hence Mathematics
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Cannot Be Reduced To Mathematical Logic, And David Hilbert's Dream Of
Making All Of Mathematics Complete And Consistent Needed To Be
Reformulated.

The Absolute Value Of The Gamma Function On The Complex Plane.

One Of The More Colorful Figures In 20th-Century Mathematics Was Srinivasa
Aiyangar Ramanujan (1887-1920), An Indian Autodidact Who Conjectured Or
Proved Over 3000 Theorems, Including Properties Of Highly Composite Numbers
, The Partition Function And Its Asymptotics, And Mock Theta Functions. He
Also Made Major Investigations In The Areas Of Gamma Functions, Modular
Forms, Divergent Series, Hypergeometric Series And Prime Number Theory.

Paul Erdés Published More Papers Than Any Other Mathematician In History,
Working With Hundreds Of Collaborators. Mathematicians Have A Game
Equivalent To The Kevin Bacon Game, Which Leads To The Erdés Number Of A
Mathematician. This Describes The "Collaborative Distance” Between A Person
And Erdés, As Measured By Joint Authorship Of Mathematical Papers.

Emmy Noether Has Been Described By Many As The Most Important Woman In
The History Of Mathematics.!"®") She Studied The Theories Of Rings, Fields, And

Algebras.

As In Most Areas Of Study, The Explosion Of Knowledge In The Scientific Age
Has Led To Specialization: By The End Of The Century There Were Hundreds Of
Specialized Areas In Mathematics And The Mathematics Subject Classification
Was Dozens Of Pages Long. More And More Mathematical Journals Were
Published And, By The End Of The Century, The Development Of The World
Wide Web Led To Online Publishing.

21st Century

In 2000, The Clay Mathematics Institute Announced The Seven Millennium Prize
Problems, And In 2003 The Poincar¢ Conjecture Was Solved By Grigori
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Perelman (Who Declined To Accept An Award, As He Was Critical Of The
Mathematics Establishment).

Most Mathematical Journals Now Have Online Versions As Well As Print
Versions, And Many Online-Only Journals Are Launched. There Is An Increasing
Drive Toward Open Access Publishing, First Popularized By Arxiv.

Future:

There Are Many Observable Trends In Mathematics, The Most Notable Being
That The Subject Is Growing Ever Larger, Computers Are Ever More Important
And Powerful, The Application Of Mathematics To Bioinformatics Is Rapidly
Expanding, And The Volume Of Data Being Produced By Science And Industry,
Facilitated By Computers, Is Expanding Exponentially.

Maths in the Victorian Classroom

=
=

7k

Learning about maths today can be an exciting, colourful and rewarding
experience, particularly if you explore the NRICH website! A hundred and
fifty years ago life was very different for the majority of children. Not
everyone went to school, and those who were lucky enough to get an
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education had to learn things the hard way. We decided to find out what it
would have been like to learn maths at school in the Victorian period. So, we
went to visit a school where you can still see classrooms that were designed
and built in the 19th century, and experience a day in the life of a Victorian
child.

The British School in Hitchin first opened in 1810. It was opened by a local
solicitor who believed that the best way to help the children of the poor was
to give them an education. At the time this was quite a controversial point of
view - many people thought that to educate poor people would give them
ideas above their station and would be a complete waste of time. We take it
for granted now, but in those days an education was a mark of status and self
-improvement and something that people had to fight for.

The main classroom that survives today in Hitchin was built in 1837 - yes,
there was just one classroom for 300 boys (girls were taught seperately in
another part of the building). It wasn't even that big - about the size of an
average assembly hall nowadays, so conditions were a little cramped. The
picture at the top of this page shows a similar classroom at a school in
London. There was only one teacher, so how did he manage to teach so many
boys of different ages and abilities? The answer is, he didn't. Instead he
would teach each lesson to about 30 of the brightest children in the school.
Each of these pupils, known as "monitors", was then responsible for
teaching a group of 10 other boys. The group would stand in a semi-circle
around the monitor, facing one of the teaching boards that were hung
around the walls of the room.
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A lot of the maths they learned was basic arithmetic and calculations involving
money, which in those days was all in pounds ( £), shillings (s), pence (d) and
farthings (1/4). Unlike today's simple system of 100 pennies in a pound, adding or
subtracting sums of money involved a bit more thinking back then. First of all
children would have to memorise the rules for how many pennies were in a
shilling, how many shillings in a pound and so on. They did this by reciting them
out loud over and over again. Here are the rules - read them aloud 10 times and
see 1f you can remember them without looking:

There are 4 farthings in a penny

There are 12 pennies in a shilling
There are 20 shillings in a pound
There are 21 shillings in a guinca

After spending quite a lot of time learning this, they would move on to some
addition problems. The problem would be written up on the board around the
classroom, and in their groups the children would read it out loud several times.
Here's an example of a typical addition sum:

£ 8 d

4 12 8 Y+t
2 14 2%+
1 3 3 Ya

It certainly makes you think about the process of addition when you're no longer
dealing with tens, hundreds and units. Have a go before scrolling down to check
your answer.......

The answer to this one is £8.10s.3d and 3 farthings. Not as easy as it looks, is it?
Of course Victorian children weren't expected to be able to just work out sums
like this without lots of practice. The monitors would show them how to solve it,
and then make them repeat the same problem out loud over and over again until
they had completely memorised it. Then they would return to their seats to write it
down. They didn't use paper in those days because it was very expensive. Instead
pupils wrote on pieces of slate, or in sand trays using sticks. Once they had copied
down the question and written out the correct answer the monitor would check it
and only then would they move on to the next question. Sounds tedious? It
certainly was compared to the fun you can have with maths in school nowadays!
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A typical slate showing a pupil's attempt at an addition problem. Can you spot the
mistake?

School wasn't just boring and repetitive in the 19th century, it was strict as well. If
you didn't behave yourself you were in big trouble. You might have to sitin a
corner wearing a pointed dunce's hat if you gave a wrong answer, or sit with a

wooden rod up your back if you were slouching. Worse still, if you misbehaved
you could be beaten with a cane or hit across the knuckles with a ruler. On the
plus side, children were rewarded for hard work and good behaviour with
certificates and prizes such as toys that they couldn't have afforded themselves.
Poor children lived in extremely harsh conditions, so a new ball or a hoop was a
real treat worth working hard for in class.

The girls learned maths as well, but they also had to learn domestic skills. Some
of these wouldn't have been thought of as mathematical back then but they
actually involved some quite tricky sums. Girls were expected to learn to cook
and to work out exactly how much sugar, flour, eggs etc were needed by
calculating with weights and measures. They learned to make clothes by drawing,
cutting and sewing elaborate patterns, and they had to know how to run a
household on a very tight budget. Nobody would have called it maths at the time,
but these were basic mathematical skills that were essential for survival (and are
still quite handy for both girls and boys today).

Maths in Victorian schools was meant to prepare people for real life situations,
usually involving money. There were no calculators in those days, and although
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children learned how to use an abacus, most calculations were done mentally or
on paper. Here are some genuine examples of Victorian maths questions, why not
have a go at them (answers are at the bottom of the page)? Don't forget the rules
about pounds, shillings and pence.

1. A gentleman left his eldest daughter £1500 more than the youngest, and her
fortune was 11 thousand pounds, 11 hundred pounds and £11; what 1is the ecldest
sister's fortune and how much did the father leave them in total?

2. A man lent his friend at different times these several sums: £63. £25.15s, £
32.7s, £15.14s.10d, and four score and nineteen pounds, half a guinea, and a
shilling. How much did he lend in all? (One 'score' = 20)

Images courtesy of the British Schools Museum, Hitchin

These pictures show the smaller "galleried" classroom that was added to the
school in Hitchin in 1853. Over 100 pupils were crammed into this room and you
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can see a dunce's hat at the front as well as the abacus behind the teacher's desk.

The Dangerous Ratio

It's a stormy day on the sea off the coast of Greece. The date is around 520 BC.
Fighting for his life, a man is heaved over the side of a boat and dropped into the open
water to die. His name is Hippasus of Metapontum. His crime? Telling the world a
mathematical secret. The secret of the dangerous ratio.

The murder of Hippasus is a matter of legend, but the secret was real, and certainly
dangerous enough to the beliefs of those who knew about it.

It was a secret owned by the school of Pythagoras. These early Greek
mathematicians (Pythagoras himself was born around 569 BC ) were obsessed with
the significance of whole numbers and their ratios. The Pythagorean's motto, carved
above the entrance of the school, was "All is number".

The inner circle of the school, the mathematikoi, believed that the universe was built
around the whole numbers. Each number from one to ten was given a very special
significance. Odd numbers were thought to be male and even numbers female. Yet
there was one number that the Pythagoreans found terrifying, the number that might
have cost Hippasus his life for revealing its existence to the world.

The name Pythagoras these days is best remembered for a geometrical theorem, the
one that tells us how to calculate the lengths of the sides of a right angled triangle,
and it is from this theorem that the dangerous ratio emerges.

Imagine a simple square shape, each side 1 unit in length. How long is the square's
diagonal?

1

This seemingly harmless question was the trigger for the Pythagoreans' disturbing
discovery. The length of the square's diagonal is easy to work out. It forms the long
side of a triangle with a right angle opposite, and two other sides of length 1 unit.
Thanks to Pythagoras' theorem we (and the Greeks) know that we can work out the
square of the length of the longest side of a right-angled triangle by adding together
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the squares of the other two sides. So we know the diagonal's length squared is

(1x1)+(1x1)=2, making the length of the diagonal itself|V 2. The number which
when multiplied by itself makes 2. But what is that number?

The square root of 2 isn't 1 because 1x1is 1.
And it isn't 2, because 2x2is 4.
It's something in between.

This wasn't a problem for the Pythagoreans. It was obviously a ratio of two whole
numbers. They only had to figure out what that ratio was. At least that was the
theory.

But after more and more frantic attempts, a horrible discovery was made. There is

NO ratio that will produce |V 2|- it simply can't be done. It's what we now call an

irrational number, not because it is illogical, but because it can't be represented as a
ratio of whole numbers.

This was what sent the Pythagoreans into such a spin that they may have sacrificed
poor Hippasus. If you believe that everything is constructed from whole numbers, it is
a terrible a shock to discover that there is an everyday number, a 'real world' number
like the diagonal of a square, that doesn't fit your picture of the world. It's a
nightmare - and one from which the Pythagoreans would never really recover.

How is it possible to prove that there is no ratio making |V 2?

The logicis a little fiddly, but not too heavy.

Let's imagine that it is possible to come up with such a ratio to produce |V 2|.

Let's call it topbottom.

Make this the simplest ratio you can have - cancelling out any common factors.

Now, let's multiply both sides of the equation by itself, so

top2 bottom =2
Next multiply both sides by |bottomz, ending up with
top2=2x botton:

This means that|fop2 must be an even number - because 2 times anything is even.
And that makes top an even number too - because an odd number multiplied by itself
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is always odd.
What's more, if|{Op2 is an even number, so is botton.

is

This is because an even number squared divided by 2 is still even - and |bottom:?

topz/divided by .

That makes bottom an even number. So, top and bottom are both even.

That means that each of them can be divided by 2.

But hang on. We started out by saying top and bottom were chosen as the simplest
possible ratio - any common factors had already been divided out.

Now we are saying they have to have a common factor of 2. This isn't possible. The

only thing we can have wrong is our original assumption, which was that V2is a

rational number. You simply can't have a ratio that makes up Vv 2. As Hippasus
discovered to his cost, that inscription over the Pythagorean school All is number
would have to be extended to cope with more complex ideas than ratios of whole
numbers.
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